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TOM TAT. Tich phan Gaussian 1a mot phan khong thé thiéu khi tinh toan ma tran do cimg ciing nhu vec to lyc trong hau
hét cac phuong phap s6. Phan tir giac bac cao (Q8 va Q9) trong FEM can sé diém tich phan tdi thiéu Gaussian 3x3 trong
khi phan tir 1ap phuong bac cao (HH20) thi can t6i thiéu 3x3x3 dé d¢am bao sy 6n dinh va tinh chinh xéac. Tuy nhién, trong
phan tich phi tuyén hinh hoc thi cAn nhiéu vong lap nén tén thoi gian tinh toan. Do dé, trong nghién ctru ndy, mot phuong
phép tich phan méi dua trén cong bé béi nhom téc gia Jeyakarthikeyan P.V s& duoc cai tién cho 3D dugc goi 1a 3D-EM véi
chin diém tich phan. M6 hinh tich phén thay thé 3D-EM dugc &p dung vao phan tir HH20 nham rdt ngan thoi gian tinh toan
nhung van dam bao sy 6n dinh va chinh xac. Hai vi du s6 s& dugc trinh bay dé danh gia hiéu suit cua phwong phéap tich
phan méi so véi tich phan Gaussian truyén théng trong phan tir HH20.

TU KHOA: Phi tuyén hinh hoc, Phan tir hizu han, tich phan sé, phan ti luc giac bdc cao, gan nén dirgc

ABSTRACT. Gaussian integration is an integral part of the hardness matrix as well as force vectors in most numerical
methods. The high-order quadrilateral (Q8 and Q9) in FEM needs a minimum number of 3 x 3 Gaussian integral points
while the higher-order cube (HH20) needs a minimum of 3 x 3 x 3 to ensure stability and accuracy. However, in geometric
nonlinear analysis, many loops are needed, so it takes time to calculate. Therefore, in this study, a new integral method
based on published by Jeyakarthikeyan P.V authors will be improved for 3D called 3D-EM with nine integral points. The
3D-EM replacement integral model is applied to the HH20 element to shorten the calculation time but still ensure stability
and accuracy. Two numerical examples will be presented to evaluate the efficiency of the new integral method compared to

the traditional Gaussian integral in the HH20 element.
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1. GIOI THIEU

M6 hinh héa va md phong sé da tro thanh mot cong cu
quan trong gidp c4c k¥ su va nha thiét ké dua ra quyét dinh
trong qua trinh thiét ké ky thuat, nhim nang cao chat luong
va do bén cua san pham. Tuy nhién, hau hét trong cac ung
dung ky thuat, su thay d6i cau trac hinh hoc cua cac van dé
phan tich 14 dang ké va khong thé bo qua, vi du trong phan
tich 6 6n dinh cau trdc [1, 2] hoic trong qué trinh tao hinh
kim loai [3]. Trong cac bai toan nhu vay, khi xay ra bién
dang 16n hodc chuyén vi Ién, tinh phi tuyén hinh hoc cua
két cAu phai dugc tinh dén [4]. R6 rang, cac bai toan hinh
hoc phi tuyén di va dang tiép tuc trg thanh mot cha dé
nghién ctru quan trong trong cong dong khoa hoc. Cac céch
tiép can khac nhau da dwoc phét trién dé md hinh héa céc
van dé hinh hoc phi tuyén ctia cau triic. Vi du, md ta chi tiét
vé quy trinh tinh toan dua trén phuong phap phan ta hitu
han (FEM) dé phan tich hinh hoc phi tuyén cua dam,
khung, vom va vo ddi xang truc da duoc trinh bay trong
[5]; Izzuddin [6] da thao luan vé cac van dé khai niém trong
phan tich phi tuyén tinh hinh hoc cho céc cau tric khung
3D; Lopez va La Sala [7] cling st dung FEM dé phan tich
tinh va dong cua cac cau tric phi tuyen hinh hoc; Kurtaran
[8] di phat trién phuong phap cau phuong vi phan téng
quat cho chuyén tiép phi tuyén tinh vé& mat hinh hoc cua céc

dam cong phirc hop day; Lin va cong su. [9] da phat trién
mot phuong phap thiy dong luc hoc hat dugc lam min
dugc cai tién dé phan tich hinh hoc phi tuyén tinh cua cac
cau tric 2D. Gan day, Cho et al. [10] da phat trlen cong
thire dong phi tuyén hinh hoc sir dung céac phan tur ran dong
quay 3D, Mei at al. [2] cai thién sy hoi tu s6 cua cac bai
toan co gian phi tuyén tinh cao, va Liang et al. [11] d& xuat
mot phuong phéap Koiter-Newton kiéu Newton da duoc stra
ddi dé truy tim phan ¢ng phi tuyén tinh vé mat hinh hoc cua
céc cau trdc.

Mot van dé quan trong khac lién quan dén phan tich phi
tuyén hinh hoc, vi du phan tir c6 ham dang tuyén tinh Q4
cho 2D hogc HH8 cho 3D la khong di hoi tu cho cac van
dé bién dang I6n. Do d6 phai can cac phan tu bac hai hoic
bac cao hon dé sir dung. Khia canh quan trong khi str dung
cac phan tir bac cao nam & viéc yéu cu nhleu diém vuong
gdc Gauss hon cho muc dich tich phan sé cia chung, diéu
nay thuong gay ra su gia tang cua chi phi tinh toan. Do do,
diéu ndy rd rang thuc ddy chung toi dé Xuat md hinh tich
phan sb mai dé phan tich hinh hoc phi tuyen Vai it nd luc
tinh toan hon (tirc 14 it diém vudéng goc hon). Thay vi
phuong phép vudng goc Gaussian thong thuong, cac so do
tich phan so thay thé dua trén khai niém quy tic diém giita
dugc béo céo gan day trong [12] dwoc ap dung cho céc
cong thirc nguyén t hién tai. Cac phuong an do [12] dé
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Xuit méi chi dwoc nghién ctru trong c4c bai toan tuyén tinh
va 2D. Vi vay, n6 la gié tri diéu tra hiéu suat cua ching
trong phan tich phi tuyén. D4i véi cac bai toan 3D, chiing
t61 dé xuat trong bai béo nay ky thuét tich hop thay thé dua
trén khéi niém quy tic diém gita, d6 1a diém gitra cua phan
tr (EM), dwoc sir dung trong céng thic phan tie HH20.
Cong thirc Lagrange téng dwoc chap nhan cho céc giai phép
phi tuyén. Bai toan phi tuyén duoc tuyén tinh hda va giai
lip lai bang phuong phip Newton-Raphson. Gia tri tinh
toan cua phuong phap da phat trién duoc minh hoa théng
qua hai vi du sé bai todn 3D. Céc khia canh sé khac nhau
bao gdm do chinh xac, téc do hoi tu, hiéu qua tinh toan, do
nhay véi bién dang luéi, v.v., dugc phan tich théng qua hai
vi du 6 vai cac cau hinh don gian va phc tap.

2. PHUONG TRINH TONG QUAT PHI TUYEN
HINH HOQC

Phan tich phi tuyén hinh hoc c6 tinh dén sy thay doi hinh
hoc do bién dang va (ing suat ban dau gan cho phan tir (néu
c6). Mot diém trong ciu hinh ban dau duoc ky hiéu 1a X va
diém d6 trong cau hinh hién tai duoc ky hiéu 1a x = X + u,
v6i u la chuyén vi. Viéc cap nhat cau hinh dat dugc bang
cach sir dung cong thirc Lagrange téng nhu sau:

(K1+K2)Au:Fext—Fint =R (1)

Trong d6 Au 1a do gia tang chuyén vi, Ki va Kz lan luot
Ia thanh phan ma tran d6 cing thur nhat va thir hai, Fex 12
vecto ngoai luc trong khi Fint 1a vecto noi luc.

K; = [ Bl DBdQ, @
K, = [ B SB,dQ, 3)
= [ NTbdQ+ [ NTtdT, @)
Fi = [ B! {S}dQ (5)

Ma tran tinh bién dang B; va B, trong phuong trinh (2)
va (3) dugc tinh nhu sau

B =[8B B . B
B,=[B, B .. B
Trong d6 i=1, 2, 3,...,

Blne :|

B/ ]

(6)
()

ne 1 chi sé ndt va

N, O 0
N, 0 0
N, 0 0
0 N, O
B,=| 0 N, 0 ©)
0 N, O
0 0 N,
0 0 N,
0 0 N

Trong do, N;; 1a dao ham cta ham dang ndt i theo phuong j.
Fij 1a cac thanh phan cia tensor dao ham bién dang F va
duoc tinh toan nhu bén dudi

R, R, R
OX ou
F=—"—=1l+_-= F21 Fzz F23 (10)
oX oX
Fa R Fy

Trong phuong trinh (3), thanh phan S dugc goi la tensor
ung suat Piola-Kirchhoff hai.

S, S, S, 0 0 0 0 0 O
Sy S, S, 0 0 0 0 0 0
Sy S, S, 0 0 0 0 0 0
0O 0 0 S, S, S, 0O 0 0O
S={0 0 0 S, S, S, 0 0 0 |@11
0 0 0 S, S, S, 0O 0 O
00 0 0 0 0 S, S, Sy
0 0 0 0 0 0 S, S, Sy,
0 0 0 0 0 0 S, S, Sy

Tensor (ing suét {S} c6 mdi quan hé vai tensor bién dang
Green-Lagrange {E} thong qua dinh luat St. Venant

{s}=D{E}

Mic dau phuong trinh (12) 1a tuong tu nhu dinh luat

Hooke’s trong dan hoi tuyén tinh nhung tensor bien dang

Green-Lagrange lai chaa thanh phan phi tuyén cua bién
dang va dugc tinh nhu sau

{E}z%(FTF—l)

Tensor tinh chat vat liéu D trong phuong trinh (2) va (12)
duoc tinh todn nhu bén dudi

(12)

(13)

I:11Ni,1 FZlNi,l FSlNi,l
I:12Ni,2 I:22Ni,2 FZlNi,Z
Bll _ F13Ni,3 I:23Ni,3 F33Ni,3
FllNi,2+F12Ni,1 I:21Ni,2+F22Ni,l I:31Ni,2+|:32Ni,1
F12Ni,3+Fl3Ni,2 FZZNi,3+F23Ni,2 F32Ni,3+F33Ni,2
_FllNi,3+F13Ni,l I:ZlNi,S-’_FZZNi,l F31Ni,3+F33Ni,1_
(®)

[(2u+ 1) A A 0 00O
A @Qu+d) 4 0 0 0
o | 7 Poourd) 0 0 0f
0 0 0 4 00
0 0 0 0 u 0
o0 0 0 0 0 u
Trong d6 w=E/[2(v+D]]la mdé dun cit va

A=2vul (1-2v)lahé sb Lame’s.
3. MO HINH TiCH PHAN THAY THE

Gia tri tich phén trong cac phuong trinh (2)-(5) thuong
dugc su dung bing phép guong ciu Gaussian do tinh don
gian va dé thyc hién. Nhu da trinh bay trong muc 1, liy
cam hung hiéu qua tir phuong phap tich phan EM (Element
Midpoint method) dugc trinh bay boi tic gia



Jeyakarthikeyan cung cac cong sy vao nam 2017 [12] cho
phan tir hitu han t& gidc bén nit. Trong bai bao nay, y
tuéng dugc mé rong cho phan tir luc dign 20 nat (3D).
Dang xap xi phép tich phan cua mét da thuc bat ky bang
phuong phép s6 trong mién lap phuong c¢6 dang nhu sau:

(15)

r—-'_"_'

Hf £m,¢)dédndg ~ 2

A

Véi m 1a sé lugng diém tich phan, w; 1a trong sd twong
g voi diém tich phan thi i va f; 1a gia tri cua ham s f tai
diém d6. Néu goi A 1a gia tri tich phan chinh xac caa ham
s6 f(&m,,¢)trong mién Iap phuong, Ay va A, hai gia tri
Xap xi gan dung khi ding md hinh diém giira guong cau &
budc kich thuéc h va h/2. Méi quan h¢ giira A va hai gia tri
A1 v6i A; dugc Viét nhu bén dudi:

A:A1+h“C+O(hq*1) (16)

Va

h ‘ q+1
A:A1+(Ej C+0(h) (17)
Trong d6, C 1a hang s6 cua phuong phép tinh A1 va Az, g la
bac cua phuong phap. Bang cach rat gon C trong hai
phuong trinh (16) va (17) ta thu duoc:

ap
A=ZBA o(h)
29-1

Theo phuong phép trung diém cau guong thi chinh xac dén
bac 2, nghia la =2, do d6 A duoc tinh gan ding nhu sau

~2(4n-A)
Gia tri A, vé co ban thi gan véi 10i giai chinh xac hon A; va
As.
_Bay gio, xét mot ham s6 fZ7.¢) da thirc bac ba ¢6 dang
day dua trong mién 1ap phuong nhu bén dudi:
f (5!77:4/) =a +a,d+am+a,d
+a5§2 + 3-6772 +a7é/2
+8587) + 8477 +8100C
+a,&” Fa,n” +agps”
+2,, o+ 8 + el tE
+a, 87 +an s +ad
+a,éng

Thuc hién tich phan chinh xac da thuc (20) trong mién
lap phuong [-1, 1] x [-1, 1] x [-1, 1] bang phwong phéap giai
tich, két qua thu dugc nhu sau:

111
[[]t(¢n¢)dednds = 8a, + 2%t a6+ a7 (21)
-1-1-1

Céc gi4 tri tich phan s A; trong mién lap phuong duoc
tinh dung trung diém bac hai véi mot phan tir va A véi tdm
phan tir, két qua nhu sau:

(18)

(19)

(20)

A =81(0,0,0) 22)
A, = f(~0.5,-0.5,-0.5) + f (0.5,~0.5,—0.5)
+(~0.5,0.5,-0.5) +  (0.5,0.5,~0.5) )

+f(~0.5,-0.5,0.5) +  (0.5,~0.5,0.5)
+f(~0.5,0.5,0.5) + f (0.5,0.5,0.5)

Thé phuong trinh (22) va (23) vao phuong trinh (19) ta
thu dwoc két qua twong ty phwong trinh (21). Trong thyc té,
mo hinh 3D-EM dugc sir dung vé6i chin diém tich phan cé
toa do va trong s6 twong g nhu trong Bang 1.

Phuong trinh (21) 1a két qua chinh xac khi tlch phan mot
da thuc béc ba, trong khi phuong trinh (19) Vé co ban két
qua gan dung. D6i voi mot s6 truong hop cu thé cua da
thac f, bac cao nhat 1a bac 3, md hinh 3D-EM c6 thé mang
lai gia tri chinh xdc nhu phwong trinh (21) véi diém tich
phan va trong s6 duoc lay nhu trong Bang 1.

Bdng 1. Diém tich phan va trong s awong iing trong mo hinh tich
phéan thay thé 3D-EM

Diém tich phan Trong s6
(-0.5,-0.5, -0.5) 413
(0.5,-05, -0.5) 43
(:0.5,05,-05) 43
(05, 0.5, -0.5) 43
(-0.5, 0.5, 0.5) 4/3
(0.5, -0.5,0.5) 4/3
(:0.5, 05, 0.5) 43
(05,05, 05) 473
(0.0,0.0,0.0) -8/3

4. VIiDU SO VA BINH LUAN
4.1 Dam Cantilever chju uén

Vi du dau tién 1a mot dam chiu udn c6 hinh dang nhu
Hinh 1. Dam c6 chiéu dai 10mm va mat cat ngang c6 kich
thudc 2mmx2mm, mot dau cua dam bi ngam, dau con lai
chiu lyc phan bd bo mit theo phuong y véi do Ion
g=3000N/mm2. Céc théng s vat liéu dwoc dung Vi
E=21000N/mm2, v=0.3. Dam duoc chia lu6i phan tir HH20
VGi 4 cip do, 5 phan tu, 40 phan tur, 135 phan tir va 320
phan tir. Chi tiét chia ludi ¢6 quy tic vai 40 phan tir dugc
minh hoa nhu trong Hinh 1. Loi giai chinh xac hodc twong
tu khong tim thiy, do d6, két qua tham khao dwoc tao ra
bang cach chia Iugi that min véi 5000 phan tir HH20 va
duoc phan tich bang phan mém Abaqus.

Hinh 1. Dgng hinh hoc cia ddm Cantilever va chia lwéi 40 phan
tw
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Hinh 2. Chuyén v tai diém A khi si dung hai md hinh tich phan

dwoc so sanh vdéi loi gidi tham khdo
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Hinh 3. Sai sé dé héi tu chuyén vi phirong dig tai A khi si dung
hai md hinh tich phan

Hinh 2 thé hién duong cong mdi quan hé gitra chuyén vi
va do 16n cua luc tac dung cho ca tich phan Gaussian truyén
thdng (3x3x3 diém) va md hinh tich phan thay thé 3D-EM
(9 diém) vai cap do chia lugi 40 phan tir. Dir liéu cho thay
ré rang rang hiéu suat thu duoc tr md hinh tich phan dé
xuit |2 tét hon vi két qua gan vai dit liéu tham khao.

Hinh 3 thé hién tdc d6 hoi tu cua ki thuat tich phan thay
thé so véi tich phan Gaussian. Dit liéu tir hinh anh cho thay
tbc do tir phwong phap nghién ctu 1a tot hon tich phan
Gaussian. Hinh 3 vai truc hoanh thé hién tong sb bac tu do
trong khi truc tung 1 logarit sai sé cua hai md hinh tich
phén so véi loi giai tham khao.

4.2 TAm panel Cook’s

Mot tim mong bién dang phing dwoc dé xuit boi Cook’s
nhu 13 mot vi du tiéu chudn dé danh gia sy chinh xac va kha
nang hoi tu cua phuong phap. Vi du nay ciing duoc rat
nhiéu tac gia phan tich va céng bé truge day [13]. Tam co
mot dau 1a ngam, dau con lai chiu lyc cit ¢ téng do lon
F=1600N. M0 hinh vat liéu Neo-Hookean duogc st dung
v6i mé dun E=240.565Mpa va hé sb ng hdng v=0.4999
(Vat ligu gan nhu khong nén duoc). Chuyén vi theo phuong
z dwoc ap bang khdng. Vi 1a tim mong nén tam chi dugc
chia ludi mét 1op theo bo day, xem Hinh 4.

Hinh 5 thé hién sy hoi tu théng qua chuyén vi dinh cua
mo hinh tich phan thay thé so véi véi tich Gauss truyén
thong va phuong phap QT10MS [13]. Dix liéu cho thay cac
phuong phap nghién ciru va tham khao déu hoi tu, nhung
két qua tir md hinh tich phan thay thé thi hoi tu nhanh hon
tich phan Gaussia truyén théng mac dau sb diém tich phan
1 it hon, 9 diém so vai 27 diém. Hinh 6 thé hién tong thoi

gian tinh toan, véi s6 diém tich phan it hon thi 16 rang thoi
gian tinh toan cua md hinh tich phan thay thé 1a it hon
Gaussian truyén théng. Nhung do6 chinh xéc 1a cao hon. Do
d6, hiéu suat cia mo hinh thay thé 1a cao hon tich phan
Gaussian.

| 48mm |

16mm

44mm

Hinh 4. Dang hinh hoc va chia ludi 8x8x1 tam Cook’s

8
75T
-

(mm)

50, m—QT10MS
. —+—HH20(EM)
d = © —HH20(Gauss)

2

Chuyen vi tai dinh

1

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
S6 phan tir trén mbi canh
Hinh 5. So sdnh dg hi tu cia chuyén vi tgi dinh tam Cook’s giira
mo hinh tich phén thay thé va tich phan Gaussian truyén thong

10000

9000 | .

8000 ‘
—+— HH20(EM) ’
= 8 =HH20(Gauss) ’

5000 r

Téng théi gian tinh toan (s)

10 12 14 16 18 20 22 24 26 28 30 32
Sé phan tir trén mdi canh
Hinh 6. So sanh tong thoi gian tinh toan khi siz dung mé hinh tich
phan thay the va tich phan Gaussian truyén thong trén phan tir
HH20

5. KET LUAN



Trong bai bao, ky thuat tich phdn msi 3D-EM da ap
dung thanh céng vao phan tor HH20. Céc két qua thu duoc
cho thdy c6 sy twong dong vé do chinh xac giira ky thuat
tich phan mai va tich phan Gaussian truyén thong trong khi
thoi gian can thiét cua ky thuat tich phan méi 1a it hon vi s6
diém tich phan it hon. Nhu vay, viéc 4p dung k¥ thuat tich
phan mai vao phan tor HH20 cho phép nang cao hiéu suét
ciia phuong phap phan tir hitu han ma con giai quyét cac
bai toan phirc tap khi can nhiéu thoi gian tinh toan nhu bai
toan cb két, phi tuyén vat ligu trong tuong lai.

6. LOI CAM ON

Nhém tac gia xin chan thanh cam on Truong Pai hoc
Lac Hong (LHU-RF-TE-19-03-04) di tao diéu kién hoan
thanh nghién ctru nay.
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